Introduction
Nonlinear conservation laws are mathematically natural models describing transport phenomena of a variety of physical quantities, such as mass, momentum, and energy in continuous medium. Numerically approximating solutions to nonlinear conservation laws requires using a conservative and stable numerical method, so that physically consistent computational results are obtained, such that positivity and/or monotonicity of certain physical quantities are realized. One of the most widely spread numerical methods for the conservation laws is the finite volume method (FVM), which is based on mathematical and numerical local conservation principles. The most important part of the FVM is evaluating numerical fluxes on cell interfaces, which crucially determine accuracy and stability of numerical solutions. For solving parabolic conservation laws with dominant advection in particular, numerical fluxes should guarantee unconditional stability in space but should possess least numerical diffusion as possible. In general, this issue is more delicate for the problems with degenerate coefficients than for those with non-degenerate counterparts. The degeneration of coefficients would cause numerical instability even if sufficiently fine computational meshes were used. Literatures indicate that the mathematical concept of the isotonicity on numerical fluxes, which was originally stated in Ortega and Rheinboldt (1970) and has later been discussed more in detail in Fuhrmann and Langmach (2001) , can help develop computationally stable and physically consistent FVMs.
This article focuses on an FVM for numerically solving a class of porous medium equations (PMEs), which govern moisture dynamics in porous media, such as soils (Szymkiewicz, Similar differential equations are encountered in different physical problems, such as heat conduction problems in plasma (Bertsch, 1982; Wilhelmsson, 1988 According to Fuhrmann and Langmach (2001) , numerical fluxes in the FVMs for nonlinear differential equations such as PMEs should equip with the isotonicity, which is rigorously defined later, for computing physically consistent numerical solutions without using extremely fine computational meshes. Their numerical fluxes for the PMEs without advection terms are isotone and thus guarantee the above-mentioned mathematical properties of numerical solutions. However, the numerical fluxes that they presented would not be optimal for the PMEs with advection terms typically encountered in real applications as demonstrated later in this article.
The main purpose of this article is to propose a computationally stable FVM for PMEs, focusing in particular on its applications to the problems encountered in physically modelling moisture dynamics in non-woven fibrous sheets under evaporative environments. The governing equation in this case is given by a PME having an evaporation term, which has merely been encountered in the literatures. 
2-D Porous Medium Equation
The 2-D PME, which is a 2-D counterpart of Eq. (1) 
where the known functions are analogously defined as in the 1-D case. Following Eq. (4), The regularized counterpart of Eq. (7) is given by 
Computational Mesh
Firstly, the domain  , which is assumed to be given by a connected graph domain in this sub-section , is divided into a regular mesh that consists of regular cells bounded by two nodes, so that any vertex in the  , which is equal to 1 when
x is directed to the node P i , and is otherwise equal to 1  . A dual mesh is generated from the regular mesh. Following the multi-dimensional analogue (Mishev, 1998) , the i th dual cell i S is associated with the node P i , which is defined as
The dual mesh consists of n N dual cells. The cell interface between the dual cells i S and
 . The solution u is attributed to the dual cells, and the flux F is attributed to the regular cells. 
Operator-Splitting Algorithm
where   k u is the solution at the k th time step. Although the 1-D DFVM is unconditionally stable for linear problems, preliminary computation showed that it is not the case for the PMEs with advection terms if t  is sufficiently large. The reason of this issue would be the loss of ellipticity of the resulting discretized system with large t  as implied in Pop et al. (2004) . This drawback can be overcome if an implicit treatment of the coefficients is used, which will be addressed in future researches. Discretization procedure of the two sub-steps at each time step is explained
Evaporation Sub-step
At the evaporation sub-step, the equation to be solved at each node is given by
which can be formally regarded as an ordinary differential equation (ODE). At the i th node, starting from an initial condition 
where * i u represents the updated nodal value, which is used as the initial condition of the advection-diffusion sub-step. The updated nodal value at the i th node just after the advection-diffusion sub-step is hereafter denoted by 
It should be noted that there is no restriction on the time increment t  at the evaporation sub-steps because the temporal integration is performed exactly based on the knowledge on the analytical solution.
Advection-diffusion Sub-step
At the advection-diffusion sub-step, the equation to be solved is given by
which can be formally regarded as a nonlinear advection-diffusion equation. A finite volume discretization is applied to Eq. (20) as presented in the following sub-sections. turns out to be a critical factor determining computational accuracy and stability of the DFVM for the PME, and it is specified later. The function
Finite Volume Formulation
for arbitrary u  . The analytical solution u to the cell-wise two-point boundary value problem is explicitly obtained as
which is used for directly evaluating the numerical flux ,
where the local Peclet number , ij p , which in the present case depends on the solution u , is defined as
The numerical flux , ij F is fully specified if the value of
u  is evaluated. It should be noted that evaluation of the numerical flux using the fitting technique ensures at least first-order spatial convergence of the scheme for linear problems (Roos, 1994; Wang, 2004) . A remarkable point of the present DFVM is that the Peclet number 
This remarkable property help propose a truly isotonic numerical flux for the special but still realistic case with 0 p  as presented in the next section. For the sake of simplicity of calculation, the approximation 0   is used in this section because it is assumed to be given as a sufficiently small positive value such that it does not significantly affect computational accuracy of numerical solutions. The CE method and the FU method evaluate 
Numerical Flux
respectively.
The concept of isotonicity is presented in this sub-section for proposing an isotonic numerical flux suited to solving the PME. The numerical flux is regarded as a bi-variate function of the parameters ,0 
Isotonicity on the CE Method
The CE method would give unphysical (negative) numerical solutions with sudden transitions of solution profiles because it does not comply with Eqs. (36) and (37) 
and 
where
arising from the spatial discretization, and , which can be regarded as spatially local  -method, has been examined in preliminary investigation, but it computed severely smeared numerical solutions. The method is therefore not used in this article.
2-D Dual-Finite Volume Method
The 1-D DFVM presented in the previous section can be straightforwardly extended to a 2-D counterpart, which is for simulating moisture dynamics in homogenous thin non-woven fibrous sheets where the moisture profiles are essentially 2-D. 
Operator-Splitting Algorithm
The operator splitting algorithm used the 2-D DFVM is essentially similar to that in the 1-D counterpart.
The 2-D DFVM solves Eq.(9) at each time step following Eq. (12) . Discretization procedure of the evaporation and advection-diffusion two sub-steps at each time step is explained in the following subsections.
Evaporation Sub-step
At the evaporation sub-step, the equation to be solved at each node is given by 
which is essentially same with Eq.(13) except for that now the nodes are distributed in a 2-D domain. The temporal integration procedure in this sub-step also follows that of the 1-D counterpart.
Advection-diffusion Sub-step
At the advection-diffusion sub-step, the equation to be solved is given by 
The numerical flux , ij F on the cell interface , ij
